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Abstract - Partial integro-differential equations
(PIDE) occur in several fields of sciences and
mathematics. The main purpose of this paper to study
how to solve partial integro-differential equation
(PIDE) by using various methods like Laplace, Elzaki
and Double Elzaki Transform.

To solve PIDE by using Laplace Transform (LT), first
convert Proposed PIDE to an ordinary differential
equation (ODE) then solving this ODE by applying
inverse LT we get an exact solution of the problem.

To solve PIDE by using Elzaki Transform (ET), first
convert Proposed PIDE to an ordinary differential
equation (ODE) then solving this ODE by applying
inverse ET we get an exact solution of the problem.

To solve PIDE by using Double Elzaki Transform (DET),
first convert Proposed PIDE to an algebraic equation ,
Solving this algebraic equation & applying double
inverse Elzaki transform we obtain the exact solution of
the problem.

These methods are useful tools for the solution of the
differential and integral equation and linear system of
differential and integral equation.
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1. INTRODUCTION

In the last few years theory and application of partial
integro - differential equation (PIDE) play an important
role in the various fields of many problems of
mathematical fields, engineering physics, biology, and
social sciences [4-15]. This explains a growing interest in
the mathematics community to integro-differential
equations and in particular to partial integro-differential
equations.

Therefore it is very important to know various methods to
solve such partial differential equations [1-3].

One tool for solving linear PIDE’s is the Laplace transform
(LT) method [1]. LT is used for calculations of water flow and
heat transfer in fractured rocks [1].

Second tool for solving linear PIDE’s is Elzaki transform
method. It is one of the useful tool for solution of the
differential, integral equation and linear system of
differential and integral equation [2].

Third tool is Double Elzaki Transform which is the higher
version of Elzaki Transform to solve linear PIDE’s [3].

In this paper we solve single example of PIDE by using

three different methods like Laplace, Elzaki and Double
Elzaki Transform.

2. PRELIMINARIES

2.1 Laplace Transform method:

Definition: The Laplace transform of a function f(x), is
defined by .

F) = LlfG = [ e FG ax : x 20

0
(Whenever integral on RHS exists)

Where, x = 0 ,pisreal and L is the Laplace transform

operator.

Convolution Theorem:

Let f{t) and g(t) having Laplace transform
LIf(£)] and LIg(e)].

i.e If flp) = LIF()] and glp) = Llglt)]
then Laplace transform of the convolution of f and g,
t
Fle) = gle) = J‘ flx — Bg(t)de
o
is given by,

LIF(e) » g(8) 1 = LLF(e)].LL g(8)] = flp). glp)
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Solving PIDEs using Laplace Transform Method:

Consider general linear PIDE,

rm oo “L+.‘£{"Db -I—.:'u-I—ELDd fk(t—

E ..urs‘l
5l —a

L 3 L
ds+ flx,t) =0
(1)

(with prescribed condition)
Where fix.t) and k;(t,s) are known functions.

a;5., b5, d;5s and ¢ are constants or the functions of x.

Taking Laplace transform on both sides of
PIDE(1) with respectto t we get,

1 1

p?alep) - pulx, 0) - uy(x,0) = =+ 2(— )i - 2¢* (;]

dw | 2 - _ 2

E-I—(p—:—p )u— — wen(6)

1 [N (2
_ _ )
#G.p) N[ E-p?)ax U ¢ D FJ dx + C]
Therefore the solution of (6) is
Ll

u{xp]—( ' )9 +Ce| Pl (7

From the boundary COIldlthIl (5)

Z {a tl} ZE’ L{ }4‘ ﬂ-‘l{ﬂ}+zd L{k () =« o {x ﬂ} “f}u jﬂ} 231 e eerreeennnnn(8)

Using convolution theorem for Laplace transform we get

I (pEtep) - I, (p a0 0))) +

dimizp) — dilx.p)
ool — < +oulep) +Z,d; kilp) —<—+
Fle.p)
=0

Where, @ilx, 3".?] = L{ulx, £)}
fle,p) = Lif(x 3.
and k,(p) = L{k;(£)}
Equation (2) is an ordinary differential equation in @(x,p).

Solving this ODE and taking inverse Laplace transform of
0(x,p), we get a solution u(x,t) of (1).

Illustrative example:

Example .
Consider the PIDE

utt=ux+2fnr{t —s)houlx,s)ds—2e* ... 3)
With initial condition
ulx, 00 =¢* ,wx.0=0 . 4)
And boundary condition
uld,t) =cost (5)

Solution:-

Using (7) and (8) we get C=0
Equation (7) becomes,

) = ()
-(9)
Applying inverse Laplace transform for (9) , we get exact

solution
ulx,t) = 6" cost.

2. 2 Elzaki Transform
Definition:

Let a function f(t) defined for ¢ = 0 then Elzaki
transform of f(t) is the function T defined as follows,

ELFO] = T(v) = urf{ﬂ cFdr . t=0
o

Theorem -1
Elzaki transform of partial derivatives are in the form

) E[E] =11k - vf@0)

2) E'I:Iil ,fll‘f"l] T{X L:] — f{x U:] v Efl;xrm
5 el ez
4) E[‘;I fex "‘] - d:[z;:;t‘.l:f‘:

Taking Laplace transform w.r.to t on both sides of (3)
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Theorem -2 (Convolution):

Let f{t) and g(t) having Elzaki transform M(v) and
N(v) . then Elzaki transform of the convolution of f and g,

Fle) = gle) = fnx f(t) . g{t — ) dr. is given by:

E[f(t) = g(8)] =§ M) N(w)

Solving PIDEs using Elzaki Transform Method :

Consider general linear PIDE,

r
Im o ”+E{"Db +ou + 5 d; [y KiE -

.3 ..ursﬁ
5) S

L a L
ds+ flx,t) =0
..(10)

(with prescribed condition)

Where f(x.t) and k;(t.s) are known functions.
a!s; EJ:SJ d:s and ¢ are constants or the functions of x.

Taking Elzaki transform on both sides of
PIDE(10) with respectto t we get,

With initial conditions
ulx,0) =¢* ,ux.00=0 ... (13)
And boundary condition
wl0,8) =cost L. (14)
Solution:-
Taking Elzaki transform w.r.to t on both sides of (12)

- .|-.| 2
T —ulx, 0) —vue(r,0) = f, + > (207 0) — 26507,

- u "
U+ vt u———2e%v" + &% =10
2
iy R 2
E.l_{zv*_p—:)u:gr{zl}"—l:]. ...... (15)

Therefore the solution of (15) is,

r? z? - e

e* +Ce v (16)

=
41
From boundary condition (14),

2(0,v) = Eu(0,0)} = Eleost} = o, ceenennn(17)

m . [
Z {B tl} Z by E{ }+ eE{ul + z d; E “‘n k (Msing @5}%&7&50}@@”&} £ =0

Using theorem 1 and theorem 2 for Elzaki transform
we get,

m i-1

2,

=0

k=D

Where #lx,v) = Elulx,v)] . fle.vw) = Elflx. vl .
E[{F:] = E[kl{ﬂ]

Equation (11) is an ordinary differential equation in
Gi(x,v). Solving this ODE and taking inverse Elzaki
transform of 1(x,v), we get a solution u(x,t) of (10).

Illustrative example:

Example .
Consider the PIDE

up = uy + 250 —Doulx,s) ds— 265 L. (12)

c=0 . (18)
Then equation (11) becomes,
gt (19)

L-+i

d'alx,v) _

u{x b:] T—i+k 'l—h:' u{x b:] -
% a Z v ' G D:]] Z b pplylng Zvel"seLETia]k tragisform O{‘;%:Oﬁl Slde of (19),

we get exact solution,

ule, ) = B4 (r,0)} = % £ {-2)

ri+l

~ulx t) =e* cost,

2.3 Double Elzaki Transform
Definition:

Let f(x.t), wheret.x € R* be afunction which can be

expressed as a convergent infinite series then, its double
Elzaki transform, given by

S .
Elf(xt)huv]=Tluv) = urJr J flx.t) e -2 dx dt
0 Jo

nt = 0.
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Where u & v are complex values.
Theorem -1

Double Elzaki transform of first and second order partial
derivatives are in the form,

1) {:i T':u'u ) —uT(0.2) .
2 B {:;; = f Tl v)—T(0.v) —u 2 [g'f'":': ]
3 E {‘:‘; ‘T':-frll—L T(u, 0).
1) E; {% = :—;F[u,rj —T(w,0) —v %

E':f 1 u
- F - ! . - N 27 g N
3 E [E':r E't] = 7 Tiwry) —v T(w0) ” T{0,v) + uv T(0,0)

Theorem -2 (Convolution):

Let f(x,t) and g(x,t) be the functions having
Double Elzaki transform M(u,v) and N(u,v) then the
Double Elzaki transform of the convolution of f(x,t) and

g(xt) is,

E[(f =« gllx. t); (u,v)] = i Mu, v) N, v)

Solving PIDE’s using Double Elzaki Transform
Method :

Consider the general linear partial integro-differential
equation,

t
Ewnﬂm ﬁ'l‘zrnb CH+EE=Dd[ .rn ki'&_

at U(XE]
s)

LE‘

ds+ flx,t) =0

(with prescribed condition)

Where f(x.t) and k;(t,s) are known functions.
a;.b;, d; and ¢ are constants or the functions of x.

Taking double Elzaki transform on both sides
of PIDE(23) with respectto t we get,

=0
=10

Using theorem 1 and theorem 2 for double Elzaki
transform we get,

aix.e) _ Atz
Thee (- RS +

vl gt~

Iioh {w“\l T huttti Er{a‘lm“\l} }+ culx,v) +

1o o o (Elxn) st z—isi alaing
EE:Ddl' Ek[{b:] { i E_li'=n-;l_,[ 4] Er{ 3l } }+
flxv) =0.

(25)

Where @ilx, 1) = Elulx,v)], flx,v) = E[flx.v)] .
ki) = Ey[k, (0]

Equation (25) is an algebraic equation in %(x, v).

Solving algebraic equation and take inverse double

Elzaki transform of we get, ilx, v) , we get an exact

solution u(x, £) of (2).

Illustrative example:

Example .
Consider the PIDE
up = uy + 250 —Doulx,s) ds— 265 (26)

With initial condition

ulx, 0l =¢* ,ux00=0 ... (27)
And boundary condition
w(0,t) =cost . (28)

Solution:-

Taking double Elzaki transform of equation (26)

ST, v) — T(w,0) — v T, 0) = 2T(w,v) —uT (0,7) +

20°T(u,v) = 2 2

1-u

(29)

And single Elzaki transforms of initial condition (27) &
boundary condition (28) are given by

ia[ {atl} Za E{ }+c5~{u}+2d E"UM“**DM ?}%Q%wwmﬂi

Then equation (29) becomes

L%T{u,l::] — u-—.; = —T{u ) ——-I— 20 T (u, v

1-14
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urr® u’ uly

G+ 20" —Li) Tu,v) =

1+ 12 1-u 1-u’

rl+uvr®—u [1—10ur? -1 +v7)-2ue? (1+07)
(Boms) 7,4 = ) -

ur? (1+03(1-1)

1::+:m“—u) ur® +2ur® —w
—— T v) =—F7—.
( urd C, v) (1402 31—

U

) = Erna-w
. Tlu,v) = IZL'”*_:_@ ilz;j ............ (30)

Applying inverse double Elzaki transform of equation
(30), we get an exact solution

ulx,t) =e* cost.
CONCLUSIONS

PIDE’s are used in modeling various phenomena in
science, engineering and social sciences. The methods of
Laplace , Elzaki and Double Elzaki transforms are
successfully used to solve a general linear PIDE’s. In
Laplace and Elzaki transforms general linear PIDE’s are
solve by using convolution  kernel. In double Elzaki
transform by using an algebraic equation we solve general
linear PIDE’s. Finally we get exact solutions of such
PIDE after a few steps of calculations.
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